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Fig. 1: An illustration of riMESA operating on real-world data (kth_r3_00_proradio). riMESA estimates the state of a multi-robot team (O,0,0) from noisy, potentially
incorrect measurements (e,¢,e) using only sparse, unreliable communication (). riMESA is a C-ADMM-based distributed optimization algorithm in which robots locally constrain
shared state using “biased priors” (). Over time, as communication is available, riMESA tightens equality constraints with dual variables (1) to provide consistent solutions for
the team. Meanwhile, robots incorporate new measurements efficiently using the riSAM algorithm, which handles potential outlier measurements (®) using M-Estimations and an
incremental version of Graduated Non-Convexity, which efficiently updates only the relevant subproblem () at each timestep.

Abstract—Collaborative Simultaneous Localization and Map-
ping (C-SLAM) is a fundamental capability for multi-robot teams
as it enables downstream tasks like planning and navigation.
However, existing C-SLAM back-end algorithms that are re-
quired to solve this problem struggle to address the practical
realities of real-world deployments (i.e. communication limita-
tions, outlier measurements, and online operation). In this paper
we propose Robust Incremental Manifold Edge-based Separable
ADMM (riMESA) - a robust, incremental, and distributed C-
SLAM back-end that is resilient to outliers, reliable in the face of
limited communication, and can compute accurate state estimates
for a multi-robot team in real-time. Through the development
of riMESA, we, more broadly, make an argument for the use
of Consensus Alternating Direction Method of Multipliers (C-
ADMM) as a theoretical foundation for distributed optimization
tasks in robotics like C-SLAM due to its flexibility, accuracy,
and fast convergence. We conclude this work with an in-depth
evaluation of riMESA on a variety of C-SLAM problem scenarios
and communication network conditions using both synthetic and
real-world C-SLAM data. These experiments demonstrate that
riMESA is able to generalize across conditions, produce accurate
state estimates, operate in real-time, and outperform the accuracy
of prior works by a factor >7x on real-world datasets.

Index Terms—Simultaneous Localization and Mapping
(SLAM), Multi-Robot Systems, Optimization, Robust Perception

I. INTRODUCTION

Collaborative Simultaneous Localization and Mapping (C-
SLAM) is a fundamental capability for multi-robot teams [1].
A key component of C-SLAM systems is the back-end al-
gorithm that estimates the state of the team from distributed,
noisy measurements [2]. However, existing back-ends struggle
with the practical conditions experienced by multi-robot teams
in the real world. During field deployments (e.g. search and
rescue, forestry inspection, or scientific exploration [3-5]),
multi-robot teams cannot assume the presence of commu-
nication infrastructure, as existing infrastructure may have
been damaged (e.g. disaster response) or may not exist (e.g.
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remote forest, deep sea, lunar). Rather, teams can only assume
access to an ad-hoc network that permits unreliable, sparse
communication. Additionally, these teams cannot assume that
their sensor measurements are perfect. Instead, teams must
accept that due to perceptual aliasing,! front-end processes
(e.g. loop-closure detection) will produce erroneous outlier
measurements. Despite these challenges, multi-robot teams
need accurate and timely estimates to support downstream
tasks like planning and navigation. Existing C-SLAM back-end
algorithms struggle to operate under these conditions, either
requiring reliable network connectivity, needing impractical
computation time, or failing to provide accurate, robust results.

In this paper, we present Consensus Alternating Direction
Method of Multipliers (C-ADMM) as a framework to de-
sign C-SLAM back-ends that can handle these challenging
conditions and collaboratively produce high-quality state esti-
mates for multi-robot teams operating in the real world. We
specifically propose Robust Incremental Manifold Edge-based
Separable ADMM (riMESA) — a robust, incremental, and
distributed C-SLAM back-end designed to meet the challenges
of real-world operations that outperforms the accuracy of prior
works DDF-SAM2 [6] and DLGBP [7] by a factor of >7x on
real-world C-SLAM problems (Fig. 1).

The rest of the paper is structured as follows. First, we
concretely define the C-SLAM problem that multi-robot teams
contend with during real-world deployments and the commu-
nications conditions under which it must be solved. Next, we
provide an overview of prior works and discuss their ability
to solve our target problem. We then introduce C-ADMM,
discuss its application to C-SLAM problems, and outline the
riMESA algorithm. We conclude with a rigorous evaluation
of riMESA on synthetic and real-world data across a variety
of C-SLAM scenarios and communication conditions. To aid
future research, we make the riMESA code open-source.?

IPerceptual Aliasing — The phenomenon where spatially disparate locations

display a similar “perceptual” (i.e. visual or geometric) appearance.
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II. PROBLEM DEFINITION

We seek to solve the generic C-SLAM problem in which
a team of robots R estimates state variables ® using noisy
measurements M. In this multi-robot case, each robot takes a
subset of the measurements and observes a subset of the total
variables. Importantly, some measurements taken by robots
will be inter-robot measurements. These measurements may
come from direct observation of other robots, joint observa-
tions of environment landmarks, or from a distributed loop-
closure system [8]. Inter-robot measurements enable the multi-
robot team to collaborate. This can improve their individual
state estimates and can ensure all robots’ solutions remain in
a consistent global frame. Due to inter-robot measurements,
multiple robots may observe the same variable. Therefore, let
®; C O denote the non-disjoint subset of variables observed
by robot i € R. Additionally, let M; C M denote the robot’s
disjoint subset of measurements.
Remark 1 (Generic C-SLAM vs. PGO): It is common for C-SLAM
back-ends to solve only Pose-Graph Optimization (PGO), a subset
of C-SLAM in which all variables are poses € SE(N) and all
measurements are relative poses [9—14]. PGO is useful in many
applications and provides structure to exploit in algorithm design.
However, it limits map representations (e.g. landmarks) as well as
measurement types (e.g. bearing and range), which are highly useful
in specific domains (e.g. underwater [15] and space [16]). To ensure
our method generalizes, we focus on the generic C-SLAM problem.

A. Batch C-SLAM

The de-facto standard for SLAM is to formulate the problem
as a factor-graph and solve for the state variables via Maximum
A-Posteriori (MAP) inference [2]:

Oprap = argmax P©) [ | PM;10) (1)
0eQ ieR
where Q is the product manifold constructed by the manifold
of each variable in ®. When we assume that each measurement
m € M is affected by zero-mean Gaussian noise with
covariance X, this problem can be solved by Nonlinear Least
Squares (NLS) optimization [17]:

. 2
Oy 4p = argmin Z Z 17 (©)) — m”zm @)
O€Q  eR meM,
where h,,(0;) is the measurement prediction function that
computes the expected measurement from the state estimate.

B. Robust Incremental C-SLAM

There are two key challenges when utilizing the C-SLAM
problem formulation for real-world deployments. Firstly, we
are not interested in just solving this optimization problem
once. Rather, for practical robotic applications, we need to
solve this problem at every timestep, with the advantage that
we have access to the previous solution. Secondly, this NLS
formulation is inherently sensitive to measurements that do
not exhibit Gaussian noise (i.e. outliers). Due to imperfect
processes used to derive our measurements M, such outliers
are common [2]. Moreover, due to perceptual aliasing, we
expect that outliers caused by incorrect data association are
inevitable given sufficient operation time. This inevitability,
combined with the impact that outliers have on NLS based C-
SLAM solvers, necessitates that we extend our algorithms to

handle such outliers. Combining these challenges, we define
the robust incremental C-SLAM problem:

@;MP =arg min Z 2 |7, (©)) — m||§
o'eQ R mEZl.t ‘m (3)

t—1
®MAP

where I; C M, are the "true" inlier measurements taken by
robot i and (3) must be solved online to report results with
minimal delay to downstream tasks. For completeness, let O;
represent the set of outliers such that ©@; = M; \ 1,.

given:

C. Maximum-Consensus

An important nuance in the definition of (3) is that the
set of "true" inliers 7 is unknowable. An intuitive definition
of an inlier is any measurement that matches the true state
of the world ®* up to a reasonable amount of noise. Given
that measurements m are affected by Gaussian noise, we can
therefore concretely define an inlier as:

[£,,(©%) = m|ly < 2(T) “)

where we are using the fact that the residual of the measure-
ment will be distributed according to a y? distribution with
dimensionality matching m and T is a probability threshold
(e.g. T = 0.95). However, the true state of the world ®*
is fundamentally unknowable, making the true set of inliers
likewise unknowable. A knowable and, therefore, more prac-
tical definition we can use to define inliers is that of “joint-
consistency.” We define a set of measurements J as jointly
consistent if there exists some state of the world ® such that:

[n(®) = m|ly < xo(T) ¥ meJ (5)

Under the assumptions that our robots will generate inlier
measurements with non-trivial probability and that outlier
measurements are random, it is likely that the largest set
of jointly consistent measurements corresponds to the true
set of inliers. Identifying this largest set of measurements is
commonly referred to as the Maximum-Consensus problem,
which, despite being an approximation of our goal, is NP-
Hard and generally intractable. Therefore, to solve (3) our
algorithms will need to find (either explicitly or implicitly)
approximate solutions to the Maximum-Consensus problem.

D. C-SLAM Communication

In the C-SLAM setting, information is distributed across
the team, and robots must communicate to solve the problems
discussed above. In real-world applications, the team may not
have access to existing communication infrastructure. As such,
we can only reliably assume that robots can communicate over
an ad-hoc network built from the robots themselves. Due to
the scale of the environment, hardware constraints, motion of
the robots, and sources of interference, this network will be
bandwidth limited, time varying, and frequently disconnected.

Let us represent the communication network at a specific
time ¢ by a sparse undirected graph G' = (R, £") with nodes
made up of the robots R and edges £ defined by the currently
available direct connections between robots. This graph is
expected to be both sparsely connected at any given timestep
and only sparsely connected over time. We assume that robots
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perform pairwise communications with connected teammates
at a relatively low rate (e.g. 0.1 - 10 Hz), where the rate
is practically specified by the bandwidth and latency of the
underlying communication hardware and protocols. Due to
limited connectivity, robots will not be able to maintain syn-
chronized communication, and instead communications will
occur asynchronously whenever pairs of robots can connect.
We further assume that connections may drop out at any time.
Additionally, even if using connection-oriented protocols (i.e.
TCP), such dropout may be observable to only one of the
communicating robots (i.e. Two-Generals Failure).> Finally,
we assume that latency may be large relative to the rate of
measurements, and communications may need to be performed
in parallel with a C-SLAM algorithm.

This ad-hoc, sparse, and unreliable communication model
is restrictive and represents a challenging scenario. However,
it is representative of what multi-robot teams may encounter
during remote field deployments. Additionally, an algorithm
that can operate effectively under this restrictive model can
also operate in more optimistic scenarios. If the team has
use of communication infrastructure, then ¢' is simply more
densely connected at each timestep. If network bandwidth and
robot hardware permits fast communication, then the effective
communication rate is simply larger. Finally, if communication
links are reliable, then robots simply experience less dropout.
Therefore, algorithms that can tolerate this restrictive model
will be applicable even when communication is less limited.

E. Problem Scope

To support real-world deployments of multi-robot teams,
we require algorithms that can solve the robust incremental
C-SLAM problem (3) even when robots have access to only
ad-hoc, sparse, and unreliable communication (Sec. II-D).

III. RELATED WORK

Prior works have not provided an effective solution to the
incremental, robust C-SLAM problem with ad-hoc, sparse,
and unreliable communication. To address this problem, prior
works have broadly sought to combine the independent lines
of research on C-SLAM optimization and robust optimization.
For both lines of research, there are a number of approaches,
which we discuss briefly below. We then discuss the variety
of works that have looked to combine these methods to solve
our target problem.

A. C-SLAM Optimization

Prior researchers have broadly focused on three classes of
C-SLAM optimization architectures.

1) Centralized C-SLAM Optimization: The conceptually
simplest approach to the C-SLAM task is to use a centralized
back-end. In these methods, robots communicate their mea-
surements to a central server that performs all computation
and sends solutions back to the team. Centralized methods
have been demonstrated successfully under a variety of con-
ditions [19-30]. However, they require that ¢’ is connected at

3Two-Generals Failure — Any communication failure where only one party

observes that the communication was not successful. Named after the “Two
Generals Problem,” a thought experiment on unreliable communication [18].

each timestep and can support significant network traffic to re-
turn solutions to all team members, making them inapplicable
to scenarios with ad-hoc, sparse, and unreliable communica-
tions. Additionally, a central server introduces a single point of
failure into the system, making these systems brittle. Finally, as
these methods combine all measurements from all the robots
into a joint optimization problem, centralization struggles to
scale to large teams or long-term operation [31].

2) Decentralized C-SLAM Optimization: Similar to cen-
tralized algorithms are decentralized back-ends. In these ap-
proaches each robot holds a copy of the global problem and
independently computes the solution [32-38]. While decen-
tralization removes any single point of failure from the system
and permits robots to continue operation in the face of sparse
communication, these methods require even greater bandwidth
than centralized methods to send all measurements to every
other robot. Additionally, decentralization necessitates that
each robot performs expensive and redundant computation.
These issues with bandwidth and computation can be miti-
gated, but not removed, by sparsifying the global problem [33]
and sharing computation within robot clusters [37]. As such,
decentralized methods will, like centralized approaches, strug-
gle to scale to large multi-robot teams and long-term operation.

3) Distributed C-SLAM Optimization: The final class of C-
SLAM back-ends are distributed algorithms. Rather than ag-
gregating the global problem, distributed methods allow agents
to solve only local sub-problems and rely on information
passed during communication to converge local solutions to
the global optimum. Distributed algorithms hold the greatest
potential for C-SLAM, as local sub-problems can be solved
efficiently, algorithms can be designed to tolerate sparse,
unreliable communication, and these algorithms can scale to
even very large multi-robot teams. However, existing works
have not yet taken full advantage of this potential.

Due to the diversity of distributed optimization tech-
niques [39, ], a wide variety of distributed solvers
have been proposed. Targeting the batch C-SLAM prob-
lem (2), prior works have proposed algorithms based on
Multi-Block ADMM (MB-ADMM [41]), Distributed Gauss-
Seidel (DGS [9]), Distributed Gradient-Descent (GeoD [10]),
Majorization-Minimization (MM-PGO [13, 1), and Dis-
tributed Riemannian Gradient Descent (DC2-PGO [12], AS-
APP [11]). As batch algorithms, however, these methods are
all limited in their ability to address incremental problems.
Naively, batch methods could be applied to the incremental
case by solving each timestep as a batch problem. However,
these methods all require hundreds to thousands of iterations
to converge, significantly exceeding the communication and
computation availability for any given timestep at which we
need a solution. Further, while some of these methods can
tolerate asynchronous communication and thus communication
dropout between algorithm iterations, they would all require a
connected network during the current timestep, which is not
guaranteed in real-world scenarios.

Some prior works have proposed distributed algorithms
specifically targeting incremental C-SLAM, namely, Dis-
tributed Data Fusion Smoothing and Mapping (DDF-
SAM [42] and DDF-SAM2 [6]) and Distributed Loopy Gaus-
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sian Belief Propagation (DLGBP [7]). While these methods
can achieve real-time performance, due to their underlying
optimization strategies, they struggle to provide accurate and
consistent results in many scenarios as illustrated in our
experimental results (Sec. VII).

B. Robust Optimization

Often viewed through the lens of single-robot SLAM
(though applicable to C-SLAM), numerous prior works have
proposed methods to address outlier measurements by approx-
imately solving the Maximum-Consensus problem.

1) Relaxed Consensus: One method to approximately solve
the Maximum-Consensus problem is to relax joint-consistency
(5) to measures that are more efficient to compute, like
Pairwise Consistency (PCM [43]), Group-k Consistency
(GKCM [44]), or heuristic consistency (iRRR [45, 1,
IPC [47]). With these relaxed consistency definitions, the
largest set of consistent measurements can be estimated with
max-clique graph algorithms or repeated optimizations. De-
spite these approximations, relaxed consensus methods remain
computationally expensive, and their consistency approxima-
tions limit their ability to derive quality solutions.

2) M-Estimation: Another way to relax the Maximum-
Consensus problem is via M-Estimation, which wraps mea-
surement errors with a robust kernel p to mitigate the effects
of outliers on the solution [48, 49]. In doing so, these methods
implicitly approximate a solution to the Maximum-Consensus
problem. M-Estimation methods are trivially compatible with
any NLS solver, including existing fast and efficient incremen-
tal SLAM solvers like iSAM?2 [50], making them able to sup-
port real-time operation. However, depending on the selection
of kernel [48, 51, 52], M-Estimation methods construct a cost
function that either remains sensitive to outliers or becomes
increasingly sensitive to initialization [53, A6.8].

3) Variable Augmentation: Lying somewhere between the
relaxed consensus methods and M-Estimation methods, vari-
able augmentation approaches add additional variables to the
optimization problem that attempt to classify measurements
and down-weight the effect of outliers. The resulting problem
is solved by an alternating optimization over the state and aug-
mented variables [54, 55]. However, depending on the exact
formulation used for augmented variables, these methods can
either construct, via Black-Rangarajan duality, an algorithm
that is equivalent to the use of an M-Estimator [56, 57] or one
that is computationally inefficient to solve [58].

4) Continuation: Currently, the most promising approaches
to robust SLAM optimization are continuation-based methods.
These methods take the same theoretical approach as M-
Estimation but resolve the induced initialization sensitivity
using iterative optimization over a continuation of the problem.
Graduated Non-Convexity (GNC) was the first continuation
method proposed for batch SLAM problems [59]. While GNC
can provide accurate results, its repeated batch optimizations
make it computationally inefficient. However, Robust Incre-
mental Smoothing and Mapping (riSAM) demonstrated that
these same ideas could be incrementalized to achieve robust
and real-time SLAM optimization [60].

C. Robust C-SLAM Optimization

Numerous prior works have looked to make C-SLAM opti-
mization robust by combining existing back-ends with methods
for robust optimization. In-turn, these approaches inherit the
capabilities and the drawbacks of their components.

Numerous centralized and decentralized methods have pro-
posed incorporating existing robust optimization methods.
Schuster et al. [34], CVI-SLAM [22], COVINS [24], and
RCVI-SLAM [30] propose utilizing M-Estimators in their op-
timization, in-turn inheriting their efficiency but also their in-
duced sensitivity to initialization. Similarly, MAPLAB 2.0 [29]
proposed the use of Switchable-Constraints, a variable aug-
mentation method that will produce near-equivalent results to
M-Estimators. LAMP 2.0 [26], Hydra-Multi [28], and Swarm-
SLAM [37] proposed the use of batch GNC to perform
their optimization robustly, in-turn inheriting its accuracy but
also its inefficiency. CVIDS [27] and DiSCO-SLAM [36]
proposed using PCM to filter outliers, in-turn inheriting both
its inefficiency and potentially poor performance. In addition
to the downsides listed above, all of these methods additionally
inherit the communication requirements of centralized and
decentralized architectures, making their application to real-
world deployments difficult and application to our target
problem (Sec. II-E) all but infeasible.

Distributed systems have taken similar approaches. DOOR-
SLAM [61] proposed using DGS for distributed optimization
combined with PCM for outlier-rejection. In doing so, it
inherits the computational inefficiency and limited accuracy
of DGS as well as the computational inefficiency and limited
accuracy of PCM. The same composition and drawbacks can
be found in DCL-SLAM [62], and a similar composition can
be found in D?*SLAM [63]. Kimera-Multi [64] composes the
distributed back-end ASAPP with a GNC-based robust esti-
mation approach. Both methods are computationally complex,
and composing them multiplicatively increases these costs.
Thus, while it can provide accurate results, the method is
nearly impossible to apply to the real-time scenarios [65].
Intentionally targeting real-time performance, Murai et al.
proposed combining the use of standard M-Estimators with
their proposed DLGBP optimization method [7]. This combi-
nation allows for very efficient incremental solving, as DLGBP
can be made efficient and the addition of M-Estimators has
little impact on computational performance. However, this also
combines DLGBP’s poor convergence with a sensitivity to
initialization induced by the use of M-Estimators which results
in generally poor performance across problem scenarios.

D. Related Work Summary

Evident from this review, while some prior works can
support multi-robot teams in limited conditions, we lack back-
end algorithms that can generalize to provide solutions to the
incremental, robust C-SLAM problem with ad-hoc, sparse,
and unreliable communication. In this work we argue for an
alternative approach to the C-SLAM back-end — distributed
consensus ADMM. We outline how C-ADMM can be applied
to distributed C-SLAM optimization and, importantly, how it
can be extended to effectively address the incremental, robust
C-SLAM problem via our algorithm — riMESA.
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IV. CONSENSUS ADMM FOR COLLABORATIVE SLAM

In this section we begin with an overview of C-ADMM
theory and then provide an overview of our work that proposed
to apply C-ADMM to the C-SLAM problem [66].

A. Standard C-ADMM

We begin by reviewing C-ADMM [67], which has long
been a popular, fully distributed method for solving consensus
optimization problems of the form:

arg min Z fi(x)
xeRRIM  jeR (6)
st x; = X; Vijee&E

where R is the set of all agents, f; is the local objective
of agent i, x; € R" is the copy of decision variables held by
agent i, and ¥ € RI®I" is the concatenation of all agents’ local
decision variables. Agents communicate over an undirected
network made up of the agents R and communication links £.
The constraints force neighboring agents to agree on a single
solution. By induction, this forces all agents to converge to a
single joint solution to the problem.

Applying standard ADMM to problem (6) produces an
algorithm that requires centralized updates [68]. To produce a
fully distributed algorithm, C-ADMM augments problem (6)
with additional variables. For each edge in the communication
network (i,j) € £, C-ADMM introduces two new variables
z(;j) and z(; ;. The variable z ;) is held by agent i and can
be interpreted as agent i’s estimate of agent j’s local solution.
We will refer to these variables as "edge variables" and use
them to rewrite (6) as:

> fix)
i€rR (N
S.t. X; = Z(i,j)’ xj- = Z(j,i) v (l,J) eé&

arg min
xeRIRIn, zeZ

where Zz is the concatenation of all z; ; and Z is the space of
R2I€1" which is implicitly constrained such that z(; ;) = z(; -

This augmentation increases the number of constraints but
does not change their meaning. C-ADMM solves (7) according
to the update process:

1 = argmin £(x, 2%, 1%, p%) @®)
XERIRIn
ghtl — arg min E()_C’H'l, zZ, Zk, ﬁk) 9
zeZ
Zk+l — Zk +ﬂk(D)_Ck+1 _ Zk+1) (10)
ﬂk+l — (Xﬁk (11)

where / is the concatenation of all dual variables (one corre-
sponding to each constraint), D € RCIEMWXURIM maps each x;
in x to all corresponding z; ; in Z, f is the penalty term, « is
a scaling factor hyper-parameter, k is the iteration count, and
L is the problem’s Augmented Lagrangian:

Z filx)+ Z (A Xi = zap) + g ”xi - Z(i’f)"z (12)

iER jej\/'l.

where N, are the neighbors of agent i. Solving these iterates
can be fully distributed, as (8) can be solved by each agent
minimizing its local Augmented Lagrangian independently.

After this minimization, C-ADMM stipulates that all agents
communicate their results to all neighbors to allow each agent
to independently solve (9), (10), and (11). When all f; are
strongly convex, C-ADMM converges linearly [69].

Within existing literature, there are two extensions to the
base C-ADMM algorithm that will be relevant to its ap-
plication to C-SLAM problems. Firstly, standard C-ADMM
assumes that each agent’s objective relies on all optimization
parameters. However, there is a large class of problems where
each agent’s objective relies on only a subset of the variables.
We refer to such problems as "separable" consensus optimiza-
tion problems, a reference to Separable Optimization Variable
ADMM (SOVA) [70]. SOVA proposed a simple but effective
extension in which agents hold only the variables required by
their local objective and we impose constraints on only the
shared variables. Separable problems take the form:

Y filx)
ieErR
S.t. A(i’j)xi = B(l,j)‘xj \4 (l,J) eé&

arg min
{xo€R"0, ..., x,.€R"r}

13)

where A ;) € R"¢)*" and B ;, € R"¢)*" map the variables
shared between agents i and j into a common space.

Secondly, C-ADMM assumes an algorithmic structure in
which, at each iteration, all agents communicate with all
neighbors. However, C-ADMM has been proven to converge
for significantly less restrictive communication models. Edge-
based C-ADMM assumes that at each iteration of the algo-
rithm, only a subset of communication edges are active, and
each agent, therefore, communicates with only some of its
neighbors [71]. Without loss of generality, this model can be
simplified to assume that at each iteration only two agents
communicate with each other. Under this edge-based model,
when the problem is convex and each edge is active with
positive probability, C-ADMM is proven to converge with rate
O(1/k) where k is the number of iterations [72].

B. C-ADMM for Batch C-SLAM

Next, we show how the C-SLAM problem (2) can be
transformed into an instance of a Separable Consensus ADMM
problem with on-manifold decision variables.*

Starting from the batch C-SLAM problem (2) we can apply
a distributed lens knowing that measurements M and, in-turn
the state variables © are distributed across the robot team.
First, let S(Z-, ) = 0,0 ; represent the variables shared between
robots i and j, where for 6; € S; ;) we denote 6. as the copy
of that variable owned by robot i. From this we can rewrite
(2) to reflect this distribution of information as:

2 2 ||hm(®i)—m||§m

iER meM;
st q5(05,,6,)=0
Vo, €S,V U jeE

Opap = argmin
0,eQ;VieR
(14)

where g, compares the equality appropriately for the manifold
to which 6, belongs and returns 0 € R? if and only if 0, and

Hsj are equal and a “distance” between the variables if they

4This section is based largely on our prior work [66], though it uses
additional insights from follow-up work [73] and further experience.
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are not equal. The generic function ¢, is used as there exist
many ways to compare equality of on-manifold objects.

From (14) we can see that the general C-SLAM problem
is an instance of a separable optimization problem (13) as
each robot’s cost function affects only a subset of the global
variables and robots share sparse sets of variables. However,
unlike (13) and all standard ADMM formulations, C-SLAM
problems typically include on-manifold decision variables,
which are handled with generic constraint functions g,.

To permit a fully distributed algorithm, we can take the
same approach as standard C-ADMM - to augment the prob-
lem with edge variables. Specifically, for every shared variable
0, shared along edge (i, /), we introduce edge variables z; ;)
and z(; ;) . The addition of edge variables allows us to rewrite
the constraints of the problem as:

Y hn©) = m3

i€ER meM;

arg min
0,eQ,VieR, ZeZ

Opap =

st g4, 24,,,) =0
qs(HSj’ Z(jai)s) = O
Vo, €S VE.NEE

5)

where Z is the set of all z;, j), and Z is the appropriate product
manifold further constrained such that z; ;) = z(; ;) . We note
here that the representation used for edge variables will depend
in part on the representation of its corresponding state variable
0, and the selection of constraint function g,. Next we use
8,9, 10, 11, 12) to derive on-manifold, separable, C-ADMM
iterates required to solve (15).

O =argmin Y ”hm((ak)—
@,-EQ,- WIGM
k
+X X < <u>’qs< Z(i,j>s>> (16)
JEN; S€S( j)
B k g
+ 2 2 5 'qs <63i’z(i,j)s>H
JEN; $€5( )
k+1 :
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where a dual variable 4 j, is introduced for each constraint
and the iterates are written for individual variables where they
can be solved for independently. However, to actually apply
these iterates to real problems, we need methods to solve the
various Augmented Lagrangian optimization problems.

1) State Variable Update: We begin by looking at the state
variable update (16). To solve this update, we can leverage
existing NLS solvers by transforming the problem slightly,
combining the dual and penalty terms of the Augmented
Lagrangian into a “Biased Prior” (Sec. IV-B5). This refor-

mulation allows us to compute solutions to (16) using existing
sparse NLS solvers like gt sam, g20, or ceres [74-76].

2) Edge Variable Update: We next look at the edge-
variable updates (17). Using a similar reformulation used for
the ® update, we could construct and solve an NLS optimiza-
tion problem for each zé‘“ However, as robots may share
large numbers of variables, to improve efficiency, we would
prefer that (17) be solved in closed form. As we will later
show, depending on the selection of constraint function and
how we choose to represent our edge variables (Sec. [V-B6),
a closed-form solution may exist or may be approximated.

3) Dual Updates: Computing updates to dual variables is
straightforward according to (18) once a constraint function
and edge variable representation have been selected.

4) Penalty Updates: For applications that require very pre-
cise solutions, the penalty parameter § can be scaled over time
using parameter o using a straightforward update (19).

5) Biased Priors: Originally identified by Choudhary et
al. [41], the Augmented Lagrangian in (16) can be rep-
resented as an NLS problem by combining the dual and
penalty terms as “Biased Priors”. Specifically, the identity that
argmin, (b, a)+(f/2) ||al|* = argmin,(8/2) |la + b/p||> when
b is constant is used to rewrite the terms as (20).

as (95, Z(i,j)s)

Representing consensus constraints, biased priors are effec-
tively the mechanism by which all robots’ local solutions are
constrained to be equal for any shared variables — thus ensuring
a single consistent state estimate for the team.

However, there is a practical challenge in applying biased
priors. In most C-SLAM problems we are optimizing over
poses that live on the SE(/N) manifold. These poses are
challenging as the translation (#) and rotation (#) components
live in different domains with different scales ¢+ € [—D, D]
and r € (—x, x] where D is the size of the team’s operational
area. However, a biased prior, as written in (20), treats
these components uniformly. The practical effect is that these
biased priors under-constrain a pose’s rotational components,
which in-turn can cause stability and convergence issues when
solving for G)ff“. To improve stability, it is best to account
for the different scales of these domains by adding a noise
model X;. Specifically, we propose using a noise model X
with o, = 0.1 and 6, = 1. We refer to biased priors with
X, # I as “Weighted Biased Priors” for clarity.

6) Constraint Functions: In the standard C-ADMM litera-
ture (Sec. IV-A), all algorithms assume Vector-Valued variables
and thus that all constraints are linear (g(a, b) £ a — b), which

permits a closed-form solution to (17) of zk+; = l((9"+1 +

0"“) For vector-valued variables in C-SLAM problems (e.g.
landmarks) this approach should be taken.

However, for the SE(NN) variables typically found in C-
SLAM problems, the equality comparison is less straightfor-
ward. In Tab. I we outline four possible constraint functions
and for each describe the closed-form solution to (17) or an
approximate solution if no closed-form solution exists.

2
A(l ])r

Pij

B j)

> (20)
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TABLE I: Constraint functions for SE(N) objects and their corresponding closed-form
solutions to (17). Where SPLIT interpolates the translation component linearly and the
rotation component spherically [77], Vec returns a vector of the objects non-constant
matrix elements [78], and p is the dimension of the tangent space for SE(N). Manifold
object notation is derived from the work of Sola et al. [79]. The geodesic z update is
approximated by the case where Aijys = A = 0.

Function zE ‘ q(0, z) ‘ z:‘f;;s ‘
Geodesic |SE(N)| Log(z7'o6) |  SPLIT (&i 0, 0.5)
Apx.-Geo.| R? Log(0) -z % (Log <95, ) + Log (051, ))
Ssplit | SE(W) [L‘)gtslf?:f”)] SPLIT (6.6, 0.5)
Chordal |RY**V| Vec(@)—z |1 (Vec (03,_ ) + Vec (asj ))

While, on paper, all the formulations in Tab. I appear rea-
sonable, our prior investigations [66] reveal that the geodesic
formulation provides the best performance when applied to
C-SLAM problems. This finding agrees with general findings
from the SLAM community, which has broadly converged to
use SE(V) representations and geodesic error for optimization
over robot poses.

7) Asynchronous Communication: To compute the edge
and dual variable updates, robots must communicate their
current state estimates ®; for any shared variables. Many batch
distributed C-SLAM optimization algorithms require that such
communication occurs synchronously, with each robot com-
municating in lockstep. However, this C-ADMM-based ap-
proach to C-SLAM permits an edge-based communication
model (Sec. IV-A) in which agents perform asynchronous
pairwise communications. To support this model, we do need
to add unique penalty terms f; ), f; ;) for each pair of robots,
as update (19) may be run at different effective rates.

In batch scenarios, the use of an edge-based communication
model practically just means less downtime, as robots do not
have to wait for rounds of communication to complete and
can better utilize communication and computational resources.
However, we will see later that the capability to support asyn-
chronous communication is a key advantage of C-ADMM-
based approaches when applied in incremental scenarios.

8) MESA+: Putting together the ideas from this section
(separable and on-manifold C-ADMM iterates, weighted bi-
ased prior reformulation, geodesic constraint selection, and an
edge-based asynchronous communication model), we derive
the Manifold, Edge-Based, Separable ADMM Plus (MESA+)
algorithm (Alg. 1), which optimizes the following iterates:

@l(c+l = argmin Z “hm (@f‘) - m”2
0,eQ; meM,; Zp

§ « o 2D
By b~k Aij,
+ 5 |08 <9s,~ © Z(L/h) T
JER SGS(,-J) ﬁ,"j) 3,
k+1 _ k+1 pk+1
zEF1 = SPLIT <0S[ 0 ,0.5) 22)
k+1 _ 1k k k+1 k+1
wps = Mg, T Pajylog (‘)s,- © Z(i,m) 23)
k+1 _ k
By = *Fa ) 24

Remark 2 (MESA vs. MESA+): We highlight that MESA+ bears
differences from our previously proposed MESA [06] (prompting
the “+” to differentiate). Namely, MESA+ utilizes weighted biased

Algorithm 1 Manifold, Edge-based, Separable, ADMM Plus (MESA+)

: In: Robots R, communication links &, local estimates {@8,@?, s 99}
: Out: Final Variable Estimates { 07", 0/",...0/" }
S gy A, OV SES )V (L)EE
D, <O 2, <0 VIES )V () EE
. while Not Converged do
if Communication available between robot i and robot j then
In parallel update ©; and ©; with (21)
Between i and j communicate 951,95/ Vo, €S,
In parallel update z; ;) .z V 05 €S, with (22)
In parallel update A ;) , A, V 0, € S ;) with (23)

In parallel update ﬂ("’t; and ﬂ(]‘:; with (24)

SOV XN ALY =

priors, selects the best-performing constraint function, and does not
adopt MESA’s alternate dual update ([60, Eq.(18)]) as our experience
shows that it can sometimes decrease numerical stability.

V. ROBUST INCREMENTAL MESA

In this section we propose riMESA, an extension of the
MESA+ algorithm developed to solve the robust, incremental
problem outlined in Sec. II-E. As discussed in Sec. III,
batch C-SLAM back-end algorithms cannot be naively applied
to the incremental problem. MESA+, however, provides an
algorithmic structure that permits us to design an effective,
robust, and incremental version.

A. Incrementalization Overview

An iteration of MESA+ can be broadly broken down into
two steps — a local optimization step (21) and a communication
step (22, 23, 24). In the local optimization step, robots compute
their local estimate, pushing this solution to equal that of the
other robots via weighted biased priors. In the communication
step, robots share relevant portions of their estimates and
tighten shared variable constraints to provide better consis-
tency. It is over many iterations that shared variable constraints
are fully realized and a final consistent solution is reached.

A key idea of riMESA is to amortize this process (i.e. the
tightening of constraints) over time as communication is avail-
able between robots. This amortization is possible for three
reasons. Firstly, and most importantly, intermediate results (i.e.
from iterations in which shared variable constraints are not
tight) are still useful. Solutions to (21) are effectively lower
bounded by that found by a robot operating independently and
improved with even partially tight constraints. Secondly, C-
ADMM-based algorithms demonstrate fast convergence, and
therefore consistency and solution quality improve quickly
even when the algorithm is amortized over time. Finally,
MESA+ is fully agnostic to the optimization process used to
solve (21). It only requires that we have a solution when com-
munication occurs. This permits us to use existing incremental
optimization methods to achieve online performance.

This idea gives rise to an asynchronous, two-step algorithm
consisting of a local update step in which a robot incremen-
tally updates their local solution as new measurements are
observed and a communication step in which a pair of robots
update their edge and dual variables to tighten shared variable
constraints whenever communication is available.

Remark 3 (Batch C-SLAM Amortization): This structure of amor-
tization is not compatible with all batch C-SLAM algorithms. Algo-
rithms based on distributed gradient descent [9—12] do not provide

useful results at intermediate steps of the algorithm. C-ADMM-based
algorithms provide a unique basis for an incremental back-end.
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B. Robustness Overview

Incremental optimization methods that solve (21), however,
remain sensitive to outliers due to their NLS formulation. Due
to the success of continuation methods (Sec. III-C), we next
look to address this sensitivity by reformulating the problem
through the lens of M-Estimation.

Returning to the distributed C-SLAM optimization problem
(14), with the knowledge that some measurements may be
incorrect, we can apply robust kernels p to our measurements
to downweight the effects of outliers:

> > o(llaw©)-nl3,)

iER meM,;
S.t. qs(HSl_,GSj) =0
Vo e S([,j) YU jee&

Oy ap = argmin
0,eQ;VieR
(25)

From (25), we can augment the problem with edge-variables
and derive the C-ADMM iterates as done in Sec. IV-B. Doing
so results in nearly the exact same iterates shown above (21,
22, 23, 24), with the only difference being in the ® update
(21) where ||A,, (@f‘) — mllgm becomes p(||A,, (@f‘) - m||§m)

Though seemingly a small change to the mathematics, this
change highlights an exciting capability of C-ADMM-based
optimization for distributed C-SLAM - that outliers need only
be handled locally. To handle outlier measurements, one only
needs to perform the local optimization robustly. Of course,
to additionally support the proposed incrementalization, we
also require that we can perform this robust local optimization
efficiently. Towards this, we propose using riSAM [60]. As
a continuation method, riSAM achieves robustness without
inducing a sensitivity to initialization, and as an incremental
method, riSAM is able to maintain real-time efficiency.

C. Communication Overview

We next turn our attention to the communication step of
MESA+ (22, 23, 24). Due to its basis in C-ADMM, MESA+
permits asynchronous communication. This in-turn allows
the proposed algorithm riMESA to natively handle sparse
asynchronous communication between agents we expect from
our communication networks (Sec. II-D). However, there are
additional challenges of real-world communication networks
that we must address — latency and communication failures.

Due to network latency, the time to complete a communi-
cation between two robots could be longer than the delay be-
tween new local measurements with which we need to update
our robot’s state estimate. Additionally, at any point during
this communication, the connection between robots could fail.
To ensure that communication/measurement updates do not
conflict and that mid-communication failures do not break the
algorithm, we adopt a “Communication Handler.”

The handler holds a cached copy of the algorithm’s state
and operates in a separate thread to manage communication
between robots. By operating in a separate thread, the main
thread can continue to perform updates as new measurements
arrive. Additionally, by operating on only a cached copy of
the algorithm’s state, no changes affect the main thread until
the communication is complete and successful. Thus, if there
is a failure mid-communication, the handler can simply be

discarded, and the only effect on the algorithm is that the com-
munication opportunity is not utilized. Notably, this structure
makes it trivial to support multiple parallel communications.

However, despite this design, Two-Generals failures can still
cause issues. In the case of such a failure, only one robot
will incorporate information from a communication. This will
technically violate the invariant stipulated by our C-ADMM
design that z ; = z; ;) . While we cannot prevent these types
of failures [18], we design our algorithm to ensure that robots
are always able to re-synchronize on their next communication.

D. Additional Details

Stemming from interactions between incremental distributed
operation and robust optimization, there are a few additional
challenges that we now address.

1) Robust Weighted Biased Priors: By pursuing M-
Estimation based approaches, during our local optimization
we are simultaneously estimating the variable state as well as
attempting to correctly classify the measurement as either an
inlier or an outlier. From an information-theoretic perspective,
the information that could provide a clear classification for
an inter-robot measurement could come from either robot.
Importantly, in incremental settings this information can be
observed at any time. Consider the case of a misclassified
measurement to which one robot later observes clarifying in-
formation. Over time, communication between the two robots
will allow information to “flow” and allow both to correct the
misclassification, but this can take a prohibitively long time
due to sparse communication between agents.

To allow robots to more quickly respond to information,
we additionally wrap all biased priors in robust kernels. We
refer to these as “Robust Weighted Biased Priors” (RWBP),
and their use results in the state variable update:

2
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This allows robots to effectively consider the constraints that
biased priors represent as “out-of-date” in-turn allowing them
to better utilize new information to correct misclassifications
and maintain higher quality state estimates.

2) Dual Variable Decay: While the use of robust weighted
biased priors solves an important challenge, it also induces
another. With robots able to reject constraints, we need to
address their corresponding variables z ;) and A . The
edge-variable z; s will be updated at the next communication
opportunity. Out-of-date dual variables, however, will continue
to affect the algorithm as they have been aggregated into the
current value A; ;) . While dual variables are adaptive in both
magnitude and dlrectlon as local estimates change, jumps from
constraint rejection can leave dual variables with large com-
ponents in arbitrary dimensions. To tackle this challenge, we
introduce a decay rate d = 0.9, which we use to downweight
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old dual estimates so that recent information dominates the
dual’s influence. This is added to (23), resulting in:

k+1 _ k k k+1 _k+1
Aigy, = DAy, +P ("S <9S,. ’st))

27

3) Penalty Parameters & RWBP Initialization: In the in-
cremental case, we add new measurements and new RWBPs
as they are observed, which results in a handful of challenges.

First is that after a new shared variable is observed via an
inter-robot measurement and its corresponding RWBP is con-
structed, there may be a period of time before the pair of robots
communicates. During this time, the inter-robot measurement
and corresponding RWBP provide no information, as the robot
lacks a valid estimate of z; ;) . We refer to RWBPs during this
period as “uninitialized.” To ensure that uninitialized RWBPs
do not affect the solution, we construct the penalty parameter
with a very small value (f,,;,;)- As other RWBPs may have
been previously initialized for the pair, this necessitates that
we track a unique f; ;) for all shared variables s.

When robots successfully communicate for the first time
after a new RWBP is constructed and we compute values for
its variables (z(i, e /1(,-, e ﬁ(i’ j)s), we consider the RWBP to be
“initialized.” As discussed in Sec. IV-B4, after initialization,
updating the penalty parameter can be used to tighten the
shared variable constraints. However, this can cause chal-
lenges when loop-closures are observed or when constraints
are rejected, as discussed above. If constraints are enforced
with a large penalty parameter, it can prevent a robot’s local
optimization process from updating its solution with new
information. Therefore, we use only dual variable updates to
tighten constraints and use a constant penalty parameter value
Piniz once an RWBP is initialized.

4) Shared Variable Initialization: When RWBPs are initial-
ized, we also initialize the corresponding shared variable 6, .
In general, C-ADMM-based algorithms are not overly sensitive
to initial values and can, without any loss of generality, use
an initial estimate provided locally or use the current solution
from whichever robot “owns” the shared variable.

However, in the presence of outlier measurements, the
choice of initialization injects information into the optimiza-
tion process. Given that we don’t know what information
will allow for correct measurement classification, we avoid
throwing away information. To do so, we require robots to
utilize their local solution along with the inter-robot mea-
surement to initialize any new shared variable. One challenge
to this invariant is that some measurements do not observe
a variable’s entire state. For example, a bearing and range
measurement observes position directly but not the orientation
of another robot. To account for this challenge, we add a robust
initialization scheme for shared variables. Robots will use a
local estimate when new shared variables are observed.”> When
communication occurs and we initialize the corresponding
biased prior, robots will overwrite their estimate using the
owner’s value for any component that is not observed locally.

E. riMESA Implementation Details
To realize the ideas proposed above, we must handle the
practicalities of implementing the algorithm. Firstly, let each

SNote that default values (e.g. 0) are needed for unobserved components.

robot i maintain the following internal state:

risam An instance of an riSAM optimizer [60].

[C] The local state estimate.

S;VjER Sets variables shared with other robots.

yj V j€R |Variables needing initialization from other robots.

E The set of observed environment variables.

A= {4y} The set of all dual variables.

Z={z;, } The set of all edge variables.

B={f; s } The set of all penalty parameters.

C Cache of biased priors to be added the optimizer.

K Cache of variables affected by new communication.

w Cache of variables marked for re-convexification.

0 Mapping from shared variables to the local variables to which they
are connected.

A Mapping from shared variables to their local observability.

Secondly, let each robot i be configured with the following
hyperparameter values:

Buninis 1€™* Penalty parameter for uninitialized biased priors.

Piniz 1.0 Penalty parameter for biased priors.

The exact use of these state variables will be illustrated
concretely in the following sections.

1) Bookkeeping: Unlike batch settings, in incremental C-
SLAM, the underlying problem is changing at every timestep
as robots take new measurements. We must, therefore, effi-
ciently track information required to perform local updates,
identify shared variables, and communicate information.

To facilitate communication, each robot i tracks .S y VjieR,
which holds the set of variables locally known to be shared
between the pair (i, j), and E, which holds the set of environ-
ment variables observed by robot i. When a robot i makes a
new inter-robot measurement that observes a shared variable
not already in .S; for the respective robot j, it is added to S
and marked for initialization in yj. When a robot observes
environmental state (e.g. landmarks), it does not know what
other robots with which it shares this state. Therefore, we add
environment variables to a separate set E handled specially.®
Remark 4 (Shared Variable Identification): Identification of shared
state from indirect measurements will be unambiguous, as the dis-
tributed loop-closure system that derived the measurement will know
the exact data used to derive the measurement, from which robot
that data was received, and the identifier that robot uses for the
data. ldentification via direct measurements is more challenging,
as identification depends on the measurement front-end. However,
in general we propose that they can be identified by timestamp,
given that robots’ clocks are sufficiently synchronized and that the
measurement front-end is able to identify which teammate is being
observed. Identification of shared environment variables like land-
marks is more difficult. Practically, robots will likely need to compare
some form of descriptor to identify any shared state. We assume that
E holds both variable identifiers and descriptors. We further assume
that comparison between such sets (i.e. E U E’) evaluates descriptor
similarity to find shared environment state.

For each variable s shared with another robot j, each robot
i must also maintain a corresponding dual variable 4 ;) , edge
variable z; j),» penalty parameter f; ;) , and robust weighted
biased prior (Sec. V-D1). Thus, when observing a new shared
variable, a robot must extend A, Z, and B as well as construct
a corresponding biased prior that references these new values.
Additionally, to support robust optimization, we track in Q

SEnvironment Variable — Named to make clear that these variables do not

represent the state of any robot but rather represent the state of an element
of the local environment.
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which local variables are connected to any shared variable
s, and to support robust initialization, we track in .4 the
local observability of all shared variables. All together the
bookkeeping process is summarized in Alg. 2.

Algorithm 2 riMESA: Bookkeep (Local to robot i)

new shared variables S, their initial

1: In: New environment variables, E new>

new?
estimates @, and a flag L indicating local observation

2: Extend E for e in E,,,

3: for each variable s in S,,,, shared with robot j do

Extend S; for new variable s

Extend Y; for new variable s if owned by j

Extend A for j, s with value 0

Extend Z for j,s with value @

Extend B for j,s with value £,

Extend C with a RWBP on s referencing A ;. 2 ;> and B ;)

Extend Q for s with its local connections

Extend A for s with the variable’s observability if L

—oYwedaus

2) Update: When new factors are observed, we must not
only bookkeep the new information but also update our local
solution. The process of doing so is simple due to our use of
the robust incremental optimizer riSAM [60]. Encapsulating
riSAM, riMESA’s update is summarized in Alg. 3.

Algorithm 3 riMESA: Update (Local to robot i)

. In: New factors F and new initial estimates ®

E,., < any new environment variable observed in 7

: S, < any new shared variable observed in F
: Bookkeep(E,,.,» Syew> P, true) > Alg. 2
O « risam.update(FUC,®, reelim=K, cvx=W) > [60, Alg. 4]

QU AL~

:ResetC—@and L~ @and W« @

While simple, there are a number of nuances in this proce-
dure. Firstly, by default, riSAM will only re-linearize factors
for variables that have changed by more than a set threshold.
However, since edge and dual variables are not considered
variables by riSAM (as they are not optimized by riSAM), we
must specifically indicate that factors affecting shared variables
whose edge and dual variables have been modified since the
last update (cached in K) must be re-eliminated.

Secondly, riSAM will only treat factors with a robust
kernel as potential outliers. We assume that users will mark
such factors appropriately but that RWBPs are constructed
automatically with robust kernels (Sec. V-D1). Notably, riSAM
will only re-convexify such factors when their variables are in-
volved in the update as defined by the topological structure of
the underlying factor-graph. In the distributed case, however,
a robot does not know the topological structure of the other
robots’ graphs. Therefore, we take a conservative approach.
When a shared variable is involved in an update (defined
as when it is initialized), we mark for re-convexification all
variables shared with that robot as well as the local variables
connected with these shared variables. This set of variables
for re-convexification is cached in W.

Finally, we note that the decision to cache C, X, W and
force their update during Alg. 3 was made to avoid repeated
work that would be required by updating riSAM with this
information explicitly after communication. This delays the
information from appearing in the local solution, but the delay
is minor given we expect updates from new measurements to
be frequent. If effects from communication are required to be
seen immediately, one can call the update step immediately
after any communication at a computational cost.

Remark 5 (riSAM Implementation Details): We use an implementa-

tion of riSAM [60] provided by the original authors.” We use riSAM’s
DoglLeg Line Search to compute updates [00, Alg. 3]. For our M-
Estimator, we use the SIG Kernel [60, Eq. 2] with a control parameter
update sequence u = [0.0,0.5,0.9,0.95,1.0] and a shape parameter
computed such that for u = 1, factors with residual r > y*(0.95)
will have an influence (6/6r2) pM(rz) < 0.1 to ensure that factors
classified as outliers are unable to negatively affect the solution.

3) Communication: When communication is available be-
tween two robots, C-ADMM only requires that the pair share
their current solution for all shared variables. This requires
minimal bandwidth on the communication link between the
pair. However, the set of shared variables may have changed
since the pair’s last communication, and each may require
initialization for some shared variables, requiring additional
(though small) communication overhead. Importantly, we must
perform all of this communication in a way that is resilient to
latency and communication failures (Sec. V-C).

Therefore, riMESA makes use of a two-stage communica-
tion process orchestrated by a communication handler in a
separate thread. When communication is initialized between
two robots, each constructs a cached version of the algorithm’s
internal state $. We denote any component of a cache with
a hat (") to differentiate it from the algorithm state. First,
robots update each-other on their set of shared variables, which
variables they need to initialize, and their local observability
for any such variable. Robots then share their local estimates
for the, now jointly known, set of shared variables. This two-
stage communication between robots is summarized in Alg. 4.

Algorithm 4 riMESA: Communication Handler (Robots i < j)

1: In: State cache $ = {@,Sj,f,)}j,.%{l 24 [)},] }

2: Out: Communication result R o

3: Send Sj, E, y,, Aj to j and receive .S;, E’, V;, A; from j > Stage 1
4: Send éﬁ and receive ésj Vse S‘j U S‘, UENE) > Stage 2
5

: R « all data sent and received

Remark 6 (Two-Stage Communication): A two stage communication
process is required for efficient communication by any incremental
C-SLAM back-end that shares state data (e.g. DDF-SAM2, DLGBP).
In incremental scenarios, shared state may always change between
communications. Therefore, before communicating state data, robots
must first agree upon a joint set of shared variables. Alternatively,
robots could simply send their entire solution, but doing so would
induce a much greater communication cost.

When a communication is successfully completed, a com-
munication result R containing all the data transferred in
the communication is passed back to the main thread, and
the information is incorporated by Alg. 5 to initialize new
variables and update § s A, Z, and B. While this process is
still a blocking process with respect to measurement updates
(Alg. 3), it is very efficient, only requiring writing of data and
computing closed-form solutions to edge variable updates.

Remark 7 (Use of Cached Data in Communication Incorporation):
We specifically call out the fact that in Alg. 5 all new estimates
(ie. 2, and A ) are computed using cached data in the com-
munication result R. As the actual communication (Alg. 4) occurs
in parallel, additional measurement updates may have changed the
algorithm’s state by the time a communication is completed. To ensure
we compute edge variables that match for both robots involved in the
communication, riMESA must use the values that were transmitted
even if their local values have since been updated.

h //github.com/rpl-cmu/risam-v2

ttps:
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Algorithm 5 riMESA: Incorporate Communication (Local to robot i)

: In: Comm. Result R = {{9&,, },S'J-,EA,J%-,AJ and {élj },S‘,-,@,ﬁ,,ﬁ,-}

1

2: © « .fj uS,u(EnE) > All jointly known shared variables
30 S < ©\ S

4: Bookkeep(@, S,en» ©, false) > Alg. 2
5: Update 6{?] and 6, with Init(ﬂ(’_, gr,- ,.A/[s]) Vsey > i Robust Init.
6: Update évj with lnit(ésl,éjj,fi,[s]) vsed, > j Robust Init.
7Y, < Y\,

8: for s in © do

9:

Update z; ; € Z using évl, @Sj and Eq. (22)

10:  Update 4 € A using d,, z, and Eq. (27)

11: If ﬂ(,’j)s == Buninir then update B using f; ;, < B
12: Extend K with & .

13: Extend W with @UQ (] if ¥, # @

4) riMESA Summary: The riMESA algorithm consists en-
tirely of running Alg. 3 when new measurements are added,
Alg. 4 when communications are initialized, and Alg. 5 when
communications are successfully completed. If communica-
tions fail for any reason (e.g. timeout, loss of connection), the
thread running Alg. 4 can simply be stopped and the attempt
to communicate effectively “discarded.” Together these steps
allow for riMESA to compute accurate solutions to C-SLAM
problems in real-time even when measurements are affected by
outliers and communication is ad-hoc, sparse, and unreliable.
Remark 8 (Relationship to Prior Work): iDFGO [80] is an in-
cremental factor-graph optimizer that can be applied to C-SLAM.
iDFGO, however, assumes agents iterate multiple times per-step
each requiring synchronized communication on a connected network,
violating the communication requirements outlined in Sec. II-D.
Additionally, iDFGO focuses on convex problems using chordal
constraints for nonlinear problems, degrading performance on C-
SLAM compared to geodesic constraints [60]. Finally, iDFGO uti-
lizes Huber kernels for robustness, leaving it sensitive to outliers.

riMESA is a direct extension of our prior work, iMESA [75].
riMESA surpasses iMESA by handling outlier measurements, sup-
porting non-blocking communications, addressing environment vari-
ables, and providing a mechanism for shared variable initialization.

VI. CONVERGENCE GUARANTEES

We next discuss the theoretical convergence provided by
C-ADMM-based C-SLAM optimizers like riMESA.

For batch optimization, variants of C-ADMM are proven
to converge for non-convex problems [81, 82], on-manifold
problems [83], problems with nonlinear constraints [84],
asynchronous problems [72], and separable problems [70].
However, to the best of our knowledge, C-ADMM has not been
shown to converge for problems like C-SLAM that exhibit all
of these traits and utilize coupled nonlinear constraints. These
recent works on C-ADMM do provide promising indications
that convergence could be proven for algorithms like MESA+
on batch C-SLAM. However, it also indicates that such con-
vergence will be provable only under restrictive conditions to
which real-world C-SLAM problems may not adhere.

Moreover, to operate incrementally, riMESA introduces a
number of relaxations, namely, amortizing communication,
adding RWBPs, and decaying dual variables. These relaxations
are necessary for riMESA to achieve quality performance
in the incremental setting where the underlying problem is
continuously changing, though they diverge from standard C-
ADMM that assumes a fixed problem. Taking their limit (i.e.
communications at time t - oo, RWBP — Weighted Biased

Prior, and d — 1), we recover a robust version of MESA+.
This is aligned with standard C-ADMM but would be unable
to operate incrementally, making the relaxations analogous to
the wildfire threshold used to incrementalize standard NLS for
single-robot SLAM in the iISAM2 algorithm [50]. However,
like in iISAM2, these relaxations likely preclude any formal
convergence guarantees for the riMESA algorithm even if it
were shown for the batch MESA+ algorithm.

While the lack of convergence guarantees is a notable
limitation of riMESA, it is also standard among incremental
distributed C-SLAM algorithms. DDF-SAM?2 does not con-
strain robots to maintain equal linearization points for shared
variables and in turn is guaranteed not to converge to a
single consistent solution [6]. Additionally, being an extension
of Loopy Belief Propagation, DLGBP is not guaranteed to
converge for even some convex problems, let alone non-convex
C-SLAM problems [85]. Under these conditions we opt to
focus on comparing the empirical performance of incremental
distributed C-SLAM algorithms in the following section.

VII. EXPERIMENTS

In this section we evaluate the performance of riMESA on a
variety of real and synthetic C-SLAM problems. We demon-
strate that riMESA is able to achieve superior performance
compared to state-of-the-art robust, incremental, distributed C-
SLAM back-ends and, through ablations, validate its design.

A. Experiment Design

We begin by discussing the design of the experiments —
outlining the prior works and baselines to which we com-
pare performance, the metrics for performance evaluation, the
method used to generate synthetic datasets, and the model for
simulated communications between robots.

1) Prior Works & Baselines: A single prior work, DL-
GBP [7], specifically targets robust incremental distributed C-
SLAM. As discussed in Sec. III, DLGBP is based on Loopy
Belief Propagation and takes an M-Estimation approach to
outliers, wrapping potential outlier measurements in robust
kernels. We use an implementation of DLGBP provided by the
authors that uses kernel parameters proposed in the original
work and a window size w = 30.

To provide a holistic comparison, we additionally compare
to a version of DDF-SAM2 [6] that utilizes M-Estimation for
robustness. Though not proposed in the original work, the use
of M-Estimators is a standard approach to enable robustness,
and we argue that their use is a reasonable extension to the
method. DDF-SAM2 was implemented by the authors of this
work using the Naive-Bayes approximation proposed in the
original paper, and potential outliers are wrapped with Geman-
McClure kernels that use a shape parameter ¢ = 3.

In a similar vein, we also compare to a variant of riMESA
that utilizes iISAM2 and M-Estimators rather than riSAM for
local optimization. We refer to this variant as “kiMESA” due
to its use of “kernels.” Comparison to this method is used
to validate the use of riSAM for robust local optimization,
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making it, effectively, an ablative comparison. kiMESA makes
use of Geman McClure kernels with a shape parameter ¢ = 6.8

In addition to these prior works, we also validate riMESA
against a number of baselines. First is “Centralized Oracle” — a
centralized algorithm that uses batch Levenberg-Marquardt op-
timization and oracle outlier information (i.e. incorporates only
ground-truth inlier measurements). By utilizing oracle infor-
mation, this baseline provides an upper-bound on performance
given that it is not constrained by limited communication and
has perfect measurement classifications.

Second is “iIMESA” — a non-robust version of riMESA that
likewise uses oracle outlier information [73]. This provides a
measure of the performance achievable when a method must
tolerate limited communication but is unaffected by outliers.

We additionally compare against two centralized baselines
that utilize state-of-the-art outlier rejection techniques. “Cen-
tralized GNC,” which utilizes Graduated Non-Convexity [59],
and “Centralized PCM,” which utilizes Pairwise Consistency
Maximization [43]. These baselines provide a measure of the
performance achievable when a method must handle outliers
but is not constrained by communication limits. For these
methods we use GNC provided by GTSAM,’ which uses
default parameters, and PCM provided by Kimera,'® which
uses a consistency threshold equal to x2(0.95). Due to their
computational expense, these baselines are only used for the
real-world data experiments, as running them for all synthetic
dataset experiments was infeasible.

Finally, we compare against an “Independent” baseline in
which all robots use iISAM2 [86] to solve their local factor-
graph without inter-robot collaboration. Local outlier measure-
ments are handled by adding a Geman-McClure robust kernel
with a fixed shape parameter (¢ = 3). This baseline provides a
lower-bound on the performance expected by a collaborative
method, given it ignores all inter-robot information.

2) Synthetic Datasets: Synthetic datasets are used to ex-
plore algorithm performance across problem conditions.

These datasets are generated for multi-robot teams contain-
ing R = 6 robots operating in 3D obstacle-free environments.
Robot motion is generated by randomly sampling odometry
from a categorical distribution with options of 1m forward
motion as well as +90° rotation around each available axis.
We generally focus on “planar scenarios in which robots
are constrained to traverse a planar environment and remain
upright. This mobility structure is the most common for robotic
applications in which robots traverse a planar (e.g. ware-
house) or near-planar (e.g. outdoor) environment. However,
this model can also simulate other mobility scenarios.

To construct these datasets, we simulate various types
of loop-closure measurements, including intra-robot loop-
closures, direct inter-robot loop-closures (i.e. robot-to-robot
observations), indirect inter-robot loop-closures (i.e. via a
distributed loop-closure system), and landmark observations
(i.e. observations of environment features). Each type of

8We also evaluated kiMESA using the same shape parameter as riMESA
(Remark 5). However, it was consistently outperformed by the fixed value,

and we opt to omit its results for improved readability.
S 0.CO D/gtsam
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Fig. 2: Example groundtruth synthetic datasets. (a) An unconstrained 3D dataset. (b) A
planar-constrained 3D C-PGO dataset. (c) A planar-constrained 3D landmark C-SLAM
dataset. Each color represents a different robot with a trajectory length of 1000 poses.
measurement is added probabilistically when a robot is within
a limited observation range, and outliers are injected such that
approximately 10% to 25% of loop-closure measurements are
outliers. When generating datasets, each type of measurement
can be enabled or disabled, allowing us to simulate the types of
measurements generated by different C-SLAM system designs
(i.e. sensor selection and front-end algorithm design).

All measurements are constructed with a fixed Gaussian
noise model, which defines both how noise is added to
simulated measurement and how algorithms model noise in
their optimization. The noise models for all measurements
investigated contain a rotational component, a translational
component, or both. We define the noise models using a
standard deviation o, for any rotational components and o,
for any translational components. For planar-constrained sce-
narios, we separately specify a value for the rotational yaw
axis o,, since, in many applications, this uncertainty is larger
as observations of gravity or the ground constrain pitch and
roll. In the experiments below, we often explore various noise
models, as large noise results in problems that are generally
challenging to solve, not only because of the noise but also
because large noise results in odometry drift and, in-turn poor
initial estimates. Small noise, on the other hand, constructs
problems that are easier to solve and have better initialization.

Examples of the synthetic datasets that can be generated by
this method can be seen in Fig. 2.

3) Communication: To model the communication condi-
tions we expect in real-world deployments, we adopt the
following general communication model for our experiments.
We simulate communication between robots by initiating new
communications at a fixed rate r, between any available robots
within a distance of d, of each other. We assume that these
communications are completed within a fixed period of time
(resulting in a constant delay b,) and are successful with a
probability p.. Finally, we randomly sample 5% of otherwise
successful communications and fail to incorporate the results
for only one of the robots to simulate Two-Generals failures.

One challenge of this model is that synthetic datasets
are divorced from any understanding of time. This makes
it difficult to define communication parameters, which are
often measured in seconds and Hz. For experiments utilizing
synthetic datasets, we adopt an abstract unit based on the
dataset’s odometry measurements. Specifically, we define the
period between odometry measurement updates as 8 and use
this to also define a rate unit v = 1/8, which we use to define
communication model parameters.

Remark 9 (Synthetic Dataset Timing): Using real-world data, we
can use the definitions of 8 to derive approximate timing values
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to ground our synthetic datasets. An analysis of the COSMO-Bench
Datasets [S7] shows that they generate keyframes about every 1.5s.
Applying this to our synthetic datasets, defines v ~ 0.67Hz and a
1000 pose-long trajectory as = 25 minutes of robot operation.

4) Metrics: We evaluate all algorithms on their capacity to
produce state estimates that match the true state of the world,
as this is most impactful on downstream tasks like planning
and navigation. Therefore, we evaluate the performance of all
methods using Average Trajectory Error (ATE) to inspect the
practical quality of results [88]. We additionally evaluate the
ability of an algorithm to properly classify measurements as
inliers or outliers. To do so, we use the F1 score (a summary
of precision and recall) computed treating “inlier” as the
positive class. We compute ATE jointly across all robots after
Umeyama alignment to the reference solution and compute the
F1 score across the classifications of all robots in the team.

However, we look to evaluate these metrics not only for the
final timestep, but for all intermediate timesteps during which
a real multi-robot team will need accurate state estimates. To
measure this performance, we use an incremental variant of
these metrics [60]. For a metric “METRIC” this is defined as:
i{METRIC} = 2 [L{METRIC} (@k,®*) (28)

keK ZkeK k

where ®F is the solution produced at iteration k and @*
is the reference solution. As a weighted average over all
timesteps, incremental metrics reward methods that maintain
consistently low errors. Compared to point metrics (e.g. metric
value at the final timestep), incremental metrics provide a
better measure of the performance that can be expected by
downstream algorithms throughout robot operation.

For experiments with multiple trials, the incremental metrics
are summarized into box-and whisker plots. For experiments
with a single trial, the incremental metric is reported directly.
For better readability, we report only the translation component
of i1ATE, as the rotation and translation components are highly
correlated. Finally, there are cases in the experiments where
algorithms fail.'! If trials fail, the summary box-and-whisker
plot is rendered with dashed lines, and the percentage of
successful trials summarized in the plot is written above.

B. C-SLAM Generalization Experiment

In our first experiment, we evaluate the ability of riMESA
to generalize to different problem scenarios. We design each
scenario by enabling and disabling different types of measure-
ments (Sec. VII-A2). This is used to simulate the measure-
ments produced by various C-SLAM system designs.

For each of these scenarios, we additionally evaluate across
different levels of measurement noise to simulate different
difficulties of problems. For each noise level and scenario
combination, we generate 50 random datasets that simulate
a team of 6 robots traversing trajectories 1000 poses long.

For all scenarios, robots can initiate new communications at
a rate of r, = 1r with any robot within a communication range
of d. = 30m. We assume that communications are successful
with p, = 0.9 and are completed before the next measurement
update is received (effective delay b, < 18).

" Failures include when an algorithm diverges to an unreasonable solution
or when the algorithm crashes from numerical instability issues.

1) Collaborate PGO (C-PGO) (Fig.3a): We first look at a
PGO scenario in which robots generate relative-pose intra-
robot loop-closures as well as relative-pose indirect inter-
robot loop-closures. C-PGO systems are currently particularly
popular as they are mathematically well constrained and the
geometric sensors used to derive relative-pose measurements
(i.e. LiDARSs) are readily available and highly accurate.

2) Range-Aided PGO (Fig.3b): We next look at a scenario
in which agents locally perform PGO and derive only direct
inter-robot ranging measurements (e.g. from Ultra-Wide-Band
(UWB) radios) to support collaboration.

3) Range-Only C-SLAM (Fig.3c): Next we look at a sce-
nario like that above but where, due to sensor or computational
limitations, robots utilize only their local odometry and direct
inter-robot ranging measurements to localize the team.

4) Bearing-Range-Only C-SLAM (Fig.3d): Next we look at
a scenario like that above but in which robots can also observe
the bearing to the target teammate when ranging.

5) Landmark C-SLAM (Fig.3e): Next we look at a scenario
in which robots utilize only odometry and measurements
to landmarks in their environment. Such system design is
commonly used when visual sensors are the primary sensor
onboard each robot. Note that for this scenario, the prior work
DLGBP is omitted as its distributed formulation is unable to
support passive landmarks and instead requires landmarks to
support active computation and communication.

6) Landmark+Direct C-SLAM (Fig.3f): Next, we look at a
landmark C-SLAM scenario in which robots additionally make
direct inter-robot bearing-range measurements to teammates.
Again, DLGBP is omitted as it requires active landmarks.

7) Unconstrained 3D C-PGO (Fig. 4.): Finally, we look at
a scenario in which robots are not constrained to a planar
environment but rather can move arbitrarily in 3D. Such
scenarios are extremely rare in robotics (i.e. zero-gravity) but
are included for theoretical completeness.

8) Generalization Experiment Analysis: In this experiment
we can see that riMESA significantly outperforms prior works,
producing solutions that are closest to the baselines that utilize
oracle outlier information. This provides us confidence that
riMESA can generalize across C-SLAM problem scenarios
to adapt to the sensors and front-end algorithms that are
necessary for the application. We can additionally see some
scenarios where riMESA’s performance degrades. Notably,
riMESA struggles on the Range-Aided PGO (3b), Range-Only
C-SLAM (3c¢), and Bearing-Range-Only C-SLAM (3d) sce-
narios in cases of large measurement noise. The commonality
among these scenarios is that they are scenarios where the
inter-robot measurements are low-rank. Therefore, in cases of
large noise, these are scenarios where the effective signal-to-
noise ratio is low. Interestingly, in these cases the iMESA
baseline also struggles while the Centralized Oracle performs
well. This indicates that it is the limited communication rather
than the noisy measurements or outliers that is causing the
poor performance. We, therefore, hypothesize that with more
communication, riMESA can succeed in these conditions. This
hypothesis is explored below in Sec. VII-D.

In this experiment we can also see that DDF-SAM2 and
DLGBP struggle across most problem conditions. Both prior
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Fig. 3: Metric performance for Centralized Oracle (®), iIMESA (), riMESA (%), kKIMESA (m), DDF-SAM2 (%), DLGBP (4), and Independent (< ) on various planar-constrained
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our proposed method, riMESA, outperforms prior works and achieves the closest solution to that of the baselines that exploit oracle outlier information. However, there are some
problem conditions for which riMESA struggles at high levels of measurement noise. Note: DLGBP is omitted from landmark scenarios as it does not support passive landmarks.
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works can sometimes produce quality results but are just as
likely to compute poor estimates or diverge entirely. kiMESA,
our ablative method, often outperforms these prior works.
However, as expected from findings in robust optimization
literature, the use of a Geman McClure robust kernel makes it

sensitive to initialization, and kiMESA struggles to converge
at large noise levels even in high signal-to-noise scenarios. It
is also worth noting that in these experiments there are some
instances of iMESA diverging. This is likely due to its use of
Gauss-Newton optimization steps. This differs from riMESA,
which uses a trust-region optimizer. The use of trust-region
optimization steps in iMESA would likely resolve this issue.

C. Scale Experiment

In our next experiment, we evaluate how riMESA scales
with long-term operation and large teams of robots. In
both cases we evaluate on 20 planar-constrained 3D C-PGO
datasets. For the long-term operation experiment, we simulate
a team with 6 robots over various trajectory lengths (L). For
the team-size experiment, we simulate different robot team
sizes (R), where each robot traverses a trajectory of 1000
poses. For both, we use the same communication model as in
the Generalization Experiment (Sec.VII-B) and a noise model
with 6., = 1.0°, 6, = 0.25°, and o, = 0.05m. Results from the
long-term operation experiment can be found in Fig. 5a, and
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results from the team-size experiment can be seen in Fig. 5b.
In this experiment we can see that riMESA is able to
scale to both large teams and long-term operation, providing
consistent, high-quality results across scales. Both prior works,
DDF-SAM2 and DLGBP, see degraded performance at large
scales. However, this is most pronounced for DLGBP, which
performs particularly poorly during long-term operation. This
is likely caused as DLGBP struggles to incorporate long-
term loop-closure information due to windowing, which is
necessary to maintain online efficiency.

D. Communication Experiments

In our next experiment, we seek to evaluate how the quality
of communication affects riMESA. We define “poor” commu-
nication quality as when robots have a limited communication
range r, and can only communicate with long delays b, due
to latency and limited bandwidth. Likewise, we define “good”
communication quality as when robots can communicate over
long ranges at high effective rates.

For “poor” communication scenarios, we explicitly simulate
delays to test algorithms’ abilities to tolerate receiving stale
data. In these scenarios robots still attempt to initiate new
communications at a faster rate, and we permit robots to
maintain communications with multiple robots at once.!?

We look at the effect of communication under three dif-
ferent scenarios: a standard C-PGO scenario, a Range-Aided
PGO scenario, and a Range-Only C-SLAM scenario. C-PGO
was selected as a representative generic scenario. The others

12The implementation of DLGBP provided by the original authors does not

permit us to simulate delays. Thus, while we affect the rate of communication
for DLGBP, we are unable to simulate incorporation of stale data.
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Fig. 6: Metric performance for iMESA (®), riMESA (%), kiMESA (m), DDF-
SAM2 (%), and DLGBP (4) on various planar-constrained problem scenarios for different
communication conditions. The baselines Centralized Oracle (®) and Independent ()
are not dependent on communication and are plotted as horizontal lines. Communication
quality, defined by [delay (b,), rate (r.), max-distance (d,)], improves from a to e, where
a=[108, 1t,30m], b=[28, It,35m], c=[08, 1t,40m], d=[08,5t,45m], e=[08, 10t,50m].
Higher quality communication enables riMESA to provide better results across all
scenarios, but particularly for low signal-to-noise problems like (c) Range-Only SLAM.
were selected due to our observations in the Generalization
Experiment (Sec. VII-B) that — at larger noise levels, riMESA’s
performance on these scenarios significantly degrades. We
explore these scenarios to investigate if higher quality commu-
nication can enable quality performance in these challenging
scenarios. For these scenarios, we specifically select noise
levels at which riMESA’s performance begins to degrade.
For each combination of communication quality and problem
scenario, we evaluate 20 random synthetic datasets. Results
from this experiment can be seen in Fig. 6.

In this experiment we can see that, for high signal-to-
noise problems (Fig. 6a), riMESA is robust to communication
conditions, producing quality results even with very limited
communication. We can further see that for low signal-to-
noise problem scenarios (Fig. 6b and Fig. 6¢), improvements
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Fig. 7: riMESA ablation studies. In (a) we compare riMESA (%) to a version without
dual-decay (D), a version without robust kernels on weighted biased priors (-R), and
a version without both of these components (-B). In (b) we compare riMESA (%) to a
version that uses only local estimates to initialize shared variables (L) and a version that
uses only estimates from owner robots to initialize shared variables (). Both ablation
studies validate that the components improve the performance of riMESA.
to communication quality significantly improve results. This
supports the hypothesis introduced in Sec. VII-B8 — that
riMESA can perform well under low signal-to-noise conditions
but requires more communication to achieve quality results.
We can also see that iMESA performs better with higher
quality communication, though, compared to riMESA, the
improvements are far less drastic. This indicates that while our
C-ADMM-based design allows outliers to be handled locally
from a mathematical perspective, practically the handling of
outliers still imposes some communication burden onto the
back-end. Retrospectively, this makes intuitive sense. The
robust problem is significantly more complex, and it is reason-
able that a multi-robot team will require more communication
to converge to a quality solution on a more complex problem.
Additionally, this experiment shows that while iMESA,
riMESA, and kiMESA all improve their performance with
higher quality communication, the prior works DLGBP and
DDF-SAM2 do not see the same improvements. For some
problem scenarios, more communication does little to affect
the results of these prior works at all. Finally, it is worth noting
that while higher quality communication allows kiMESA to
improve performance, we still expect this method to struggle
in scenarios with large noise, as seen in Fig. 3.

E. Ablation Experiments

We next perform some ablative tests to validate our de-
sign decisions for riMESA’s robust optimization technique
(Sec. V-B) and robust initialization scheme (Sec. V-D4).

1) Robust Optimization Ablation: In this experiment we
look at the removal of two components of our robust optimiza-
tion scheme. Namely, we individually remove the wrapping of
weighted biased priors in robust kernels (“~R”), remove use of
a decay rate for dual variables (“~D”), and remove both (‘~B”).
We compare these variants against riMESA on 50 planar 3D
C-PGO problems and use the same communication model as
the Generalization Experiment (Sec.VII-B) and a noise model
with 6,, = 1.0°, 6, = 0.25°, and o, = 0.05m. The results from
this experiment can be seen in Fig. 7a and show that the use
of dual-decay and robust weighted biased priors significantly
improves the performance of riMESA.

2) Robust Initialization Ablation: In this experiment we
analyze the effect of our robust initialization scheme. We

compare the robust initialization scheme against a variant that
uses only local information and default values to initialize
shared variables (“L”) and a variant that uses the estimate
of the owner robot to initialize shared variables (“O”). We
compare these variants on three scenarios with different local
observability — a Range-Only C-SLAM scenario in which
robots do not directly observe any shared variable state locally,
a Bearing-Range-Only C-SLAM scenario in which robots lo-
cally observe shared variable locations, and a C-PGO scenario
in which robots locally observe the entire shared variable state.

For each scenario, we evaluate 50 planar-constrained prob-
lems and use the same communication model as the Gener-
alization Experiment (Sec.VII-B). For all scenarios, we use
noise model parameters o, = 0.25° and o, = 0.05m. For the
C-PGO scenario, we define o,, = 3.0°, and for the range and
bearing-range scenarios, we define ¢,, = 1.0°.

The results from this ablation study can be seen in Fig. 7b
and show that the robust initialization scheme always results
in the best overall performance. It is worth explicitly noting
that the robust initialization scheme is equivalent to other
approaches in some scenarios. For example, in the range-only
scenarios, the robust initialization approach is equivalent to
using the owner robot’s estimate for initialization.

F. Real-World Experiments

In our final experiment, we seek to evaluate the performance
of riMESA on data that (as closely as possible) resembles real-
world data. To achieve this goal while supporting reproduction
of our results, we adopt COSMO-Bench [87]. This benchmark
consists of 24 datasets generated from real-world LiDAR
data [89, 90], a baseline LiDAR-based C-SLAM front-end, and
a communication model derived from real-world data. It also
provides four additional datasets from the Nebula dataset [26].

For this experiment, we adopt communication models based
on those proposed by COSMO-Bench. Specifically, we assume
that robots initiate new communications at a rate of r, = 5H z,
that the time required to complete each communication is
b, < 200ms, and that the network bandwidth is always
sufficient to transmit the data required by the algorithms. We
model communication success p, and max communication
range d, using the connectivity model (i.e. Wi-Fi or Pro-
Radio) applicable to the dataset [87, Sec.IV.C].!3> We addi-
tionally continue to sample a small fraction (5%) of otherwise
successful communications to simulate Two-Generals failures
by failing to incorporate the results for one of the robots.

1) Real-World Accuracy Results: Comprehensive results
for the COSMO-Bench datasets can be found in Tab. II, and
results from the Nebula datasets can be found in Tab. III. For
these results, we also provide the ATE for the final step of the
dataset for both completeness and to provide better context to
iATE values. Qualitative performance of riMESA can be seen
in Fig. 8 for a sample of the datasets, and an example plot of
ATE over a single dataset can be seen in Fig. 9.

Remark 10 (Real-World Experiment Nuances): While analyzing
the real-world results keep in mind that our reference solutions,

which are used to compute metrics, are not perfect. While derived
using accurate additional sensors, these reference solutions do not

I3For the Nebula datasets, we use the Pro-Radio connectivity model.
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TABLE II: iATE and Final ATE performance for all methods and baselines on the COSMO-Bench Datasets [

]. The best-performing method (excluding baselines) for each dataset

is bolded. The proposed algorithm, riMESA (highlighted in gray), performs consistently across all datasets.

Metric iATE (m) Final ATE (m)
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(a) kth_r4_00_wifi (b) ntu_r3_02_proradio

(¢) tuhh_r3_01_proradio (d) main_campus_wifi

Fig. 8: Qualitative results from riMESA on a sample of COSMO-Bench datasets. Colors represent different robots. The pointcloud map is constructed by transforming LiDAR scans
according to the riMESA solution. Visible by the alignment between each robot’s map, riMESA is able to provide accurate and consistent state estimates.

TABLE III: iATE and Final ATE performance for all methods and baselines on the
Nebula Datasets [26] released by COSMO-Bench [87]. The best-performing method
(excluding baselines) for each dataset is bolded. The proposed algorithm is able to closely
match the performance of the Centralized GNC baseline (expected performance upper-
bound), though all methods do generally well on these datasets.

Metric iATE (m) Final ATE (m)
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Independent | 0.61 3.14 | 3.36 1.03 0.65 1.95 3.96 1.47
§ Cent. Oracle| 0.55 247 1.49 | 0.70 0.74 2.08 1.54 | 0.84
é iMESA 0.49 226 | 0.88 0.64 0.78 1.57 0.93 0.76
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® Cent. PCM | 5.07 1.51 2.49 3.13 6.77 1.91 2.48 5.46
|3 DDF-SAM2| 6.74 1.43 2.78 7.03 17.1 1.30 | 2.88 12.0
E A DLGBP 0.69 290 | 0.79 1.00 0.93 3.64 | 0.89 1.13
g kiMESA 0.73 1.44 | 0.83 0.94 0.49 1.26 | 0.89 1.04
* riMESA 1.71 1.37 | 0.85 1.06 0.66 1.20 | 0.87 1.11

necessarily represent true “groundtruth.” Secondly, due to real-world
measurement noise, the global optimum of the C-SLAM problem does
not necessarily correspond to either the groundtruth nor the reference
solution. Combined, these realities mean that even our theoretical
upper-bound methods (i.e. Centralized Oracle) may report metrics
that appear worse than other methods. Despite this, these metrics still
represent the practical usefulness of a solution; the trends, however,
are noisier than those seen in synthetic data experiments.

In these results we can see that riMESA is most frequently
the best-performing method. There are some datasets for which
riMESA is beaten by the ablative method kiMESA (e.g.
ntu_r3_01_ proradio) or the prior works DDF-SAM2 or
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Fig. 9: ATE plotted over time for kth_r3_01_wifi for Centralized Oracle (®),
iMESA (@), iMESA (%), kiMESA (m), DDF-SAM2 (%), DLGBP (), and Indepen-
dent (). Unlike prior works that struggle to converge or diverge entirely (DDF-SAM2
at s ~ 4200), riMESA closely matches the Centralized Oracle across the entire trial.
DLGBP (e.g. ntu_r4_00_wifi and finals). However,
unlike these methods, which also frequently produce poor
results (e.g. ntu_r4_00_proradio), riMESA is the only
method that is able to perform consistently across all the
datasets. Additionally, due to our use of incremental metrics,
and as highlighted in Fig. 9, we can see that riMESA performs
consistently throughout robot operations.

To validate this high-level takeaway, we look at the av-
erage performance gap of the tested methods relative to
the Centralized GNC baseline. Centralized GNC was se-
lected as it is the best-performing baseline that could (in
limited settings with reliable communication) be practically
deployed (e.g. LAMP 2.0 [26]). The performance gap is
computed between a method (m) and this baseline (GNC) as
[GATE,, — iATEgNc)/iATEGnc] X% 100. This measure is aver-
aged across all the real-world datasets, and for each method is:
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riMESA *  kiMESA DDF-SAM2 %  DLGBP 4
45.09% 157.70% 787.30% 352.81%
where we can see that riMESA’s optimality gap is >7x lower
than DLGBP and >17x lower than DDF-SAM?2. Performance
improvement over kiMESA is less significant, but recall this
method is an ablative comparison for riMESA’s robust local
optimization. The performance gap relative to the baseline
is non-trivial at 45%; however, unlike the Centralized GNC
baseline, riMESA must contend with limited communication
between robots, and a performance drop is expected.

From this experiment we can derive some additional in-
sights. Interestingly, we can see that Centralized PCM can
struggle to produce quality results on some datasets. This
poor performance is likely caused by PCM misclassifying
outlier measurements, which are then incorporated into a
non-robust optimizer producing unusable solutions. This pro-
vides additional evidence for the use of continuation-based
approaches like riMESA. We can also see that the most
challenging datasets appear to be kittredge_loop and
main_campus (Tab. II). Notably, for these datasets there is
a larger gap between the performance of the “oracle” baselines
and any robust method. This indicates that these datasets are
challenging due to the presence of outliers, though their long
duration is likely a compounding factor. On the other hand, the
“easiest” datasets appear to be the Nebula datasets (Tab. III)
on which most methods perform reasonably. This is likely due
to these datasets containing accurate odometry from a system
that was fine-tuned for the operation environment [26].

2) Real-World Timing Results: A key challenge of our
target problem is that robots operate online and require up-to-
date state estimates for downstream tasks. We next evaluate
the runtime of riMESA using the real-world COSMO-Bench
datasets. We focus on main_campus_wifi as its long
duration provides a quality stress test for runtime performance.

We use a machine with an Intel Core i9-13900K processor
and 128 GB of RAM. Each method was run independently, and
care was taken to minimize background processes. We look at
both update runtime and total cumulative runtime. To support
practical deployments, a method must remain below real-time
bounds for both of these measures. We plot the runtimes for
all methods in Fig. 10. For distributed algorithms that support
parallel computation, we plot the runtime per-robot, for the
centralized algorithms, we plot results for the central server.

In Fig. 10 we can see that almost all the distributed
algorithms are able to achieve real-time performance. The
exception is DDF-SAM2, which struggles with long update
runtimes towards the end of the dataset. These slow updates
are likely caused by the algorithm’s computation of marginals.
On the other hand, while the Centralized Oracle is able
to maintain real-time performance, both robust centralized
algorithms exceed real-time bounds. While there are efficiency
improvements that could be implemented to reduce the run-
times of these algorithms (Remark 11), the aggregation of all
data simply results in an intractably large problem for these
robust centralized methods, even for the relatively small team
size of 4 robots that was tested in this experiment.

Remark 11 (Centralized Baseline Operation): Centralized algo-
rithms are updated for every new measurement. Odometry is in-
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Fig. 10: The runtime performance (cumulative and per-update) on
main_campus_wifi. (a) Distributed algorithm performance — iMESA (@),
riMESA (%), KIMESA (m), DDF-SAM2 (3), DLGBP (a), and Independent (). (b)
Centralized baseline performance — Centralized Oracle (®), Centralized GNC (@),
and Centralized PCM (®). The real-time bounds for the dataset are shown by black
lines (—) and is not constant for updates as time between measurements varies. Apart
from DDF-SAM2, all distributed methods are able to maintain real-time performance.
While the Centralized Oracle can maintain real-time performance, the robust centralized
methods required for real-world operation are too computationally expensive to operate
in real-time. Note: The y-axis scales are linear up to 0.01s and 1s for update/cumulative
runtime plots, respectively, and log-scale above these thresholds.

tegrated into existing solutions, and loop-closures cause batch re-
optimization using the previous solution as a warm start. Due to
asynchronous measurements from each robot, centralized algorithms
perform more updates than individual robots in the distributed
case. Practical implementations could aggregate measurements and
perform fewer optimization processes. While this would reduce the
cumulative runtime of the method, it would increase the per-update
runtime and delay new information from being utilized by the team.

3) Real-World Bandwidth: As noted, across these experi-
ments we simulate unreliable connectivity, limited communi-
cation range, and two-general’s failures between robots. How-
ever, we did not limit communications based on bandwidth.
In this section we evaluate the validity of this assumption. For
all trials, we record the total bandwidth usage for the entire
team each second. Across all trials using the Wi-Fi model,
riMESA had a peak bandwidth usage of 625.3 KB/s and an
average usage of 54.9 KB/s. Across all trials using the Pro-
Radio model, including the Nebula dataset trials, riMESA had
a peak usage of 825.3 KB/s and an average usage of 57.6 KB/s.

While these results are conditioned on the communication
model and robot trajectories, they do validate our experimental
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assumption, as riMESA’s bandwidth usage remains below the
limits of the Wi-Fi (2000 KB/s) and Pro-Radio (1000 KB/s)
models. It is also worth noting that these are conservative
numbers, as communication pairs sufficiently far from each
other will not interfere, making the practical bandwidth higher.
Finally, for applications where bandwidth is extremely limited,
communications could be throttled to operate within available
bounds. Moreover, our results support riMESA’s efficacy under
such conditions, like the ntu_r3_02_wifi trial in which
riMESA had a peak bandwidth usage of only 3.8 KB/s and
an average usage of only 0.12 KB/s and still outperformed all
prior works and even some centralized methods.

VIII. CONCLUSION

In this paper, we presented Consensus Alternating Direction
Method of Multipliers as a framework to design effective
C-SLAM back-ends. We then proposed riMESA, a robust,
incremental, and fully distributed C-SLAM back-end that can
handle the challenging conditions of real-world deployments
and collaboratively produce high quality state estimates for
multi-robot teams. riMESA incrementalizes an edge-based C-
ADMM process to allow robots to operate incrementally and
asynchronously, leverages a robust incremental local solver
(riSAM) to address outlier measurements and compute updates
in real-time, and utilizes a robust communication procedure to
tolerate unreliable communication with latency. We evaluate
the performance of riMESA under a variety of conditions on
a total of 2430 unique synthetic datasets and on a total of
28 real-world datasets — validating that riMESA consistently
produces high-quality state estimates for a multi-robot team in
real-time with only limited communication.
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